Let ϕ be a positive linear functional on the algebra of n × n complex matrices and p be a number greater than 1. The main result of the paper says that if for any pair A, B of positive semi-definite n × n matrices with A B the inequality ϕ(A p ) ϕ(B p ) holds true, then ϕ is a nonnegative scalar multiple of the trace.
Throughout the paper, M n stands for the algebra of n × n complex matrices, M The Löwner-Heinz inequality says that if 0 p 1 then for any pair A, B ∈ M + n such that A B, it holds A p B p . It is well known that a weaker inequality Tr(A p ) Tr(B p ) still holds for every p > 1. The aim of the present paper is to show that the latter property can serve to characterize the trace among the positive linear functionals on M n .
Lemma. Let a function
is differentiable at the point x = 2 and f (2) < f (2) .
then α = 1.
Proof. First, we take c > 0 such that 1 − c √ α 0, and consider the matrices
Let us present an explicit form of the spectral representation B = λ 1 P 1 + λ 2 P 2 (λ 1 , λ 2 being eigenvalues of B, and P 1 , P 2 being corresponding projection matrices):
Then, let us estimate
with making use of the fact that if a function g(c) is differentiable at the point c = 0 then it can be represented in the form g(c)
Also, we have
Since
we obtain, substituting (3)- (5) into (2),
Clearly,
Thus, we obtain as an implication of (1)
Observe, that inequality (1) in the hypothesis of Lemma implies that f is non-decreasing, hence f (2) 0, and we conclude that the inequality (6) 
Theorem. Let 1 < p < ∞ and ϕ be a positive linear functional on
whenever 0 A B. Then ϕ is a nonnegative scalar multiple of the trace.
Proof. First, we consider the case 1 < p < 2. Observe that the function f (x) = x p (x ∈ [0, +∞)) satisfies the conditions (a)-(c) of Lemma. As is well known, every positive linear functional ϕ on M n can be represented in the form ϕ(·) = Tr(S·) for some S ∈ M + n . It is easily seen that without loss of generality we can assume that S = diag(α 1 , α 2 , . . . , α n ), and we have to prove that α i = α j for all i, j = 1, n. Clearly, it suffices to prove that α 1 = α 2 . Inequality (7) must hold, in particular, for all matrices 
Proof. To reduce the assertion of the corollary to theorem, we use a trick from [4] The presented results supplement a list of inequalities which characterize the trace (see [2, 3, 5, 7, 8] ). Like characterizations of the trace in [3, 5, 7, 8] , the ones obtained here can be extended to the framework of operator algebras. Certainly, we have not exhausted all possible characterizations of the trace by monotonicity inequalities, and the following problem appears to be interesting.
Problem. Let f be a nondecreasing function defined on an interval S, which is not matrix monotone of order 2. Let ϕ be a positive linear functional on M n , such that ϕ(f (A)) ϕ(f (B)) whenever f (A), f (B) are well-defined and A B. Does it follow that ϕ is a nonnegative scalar multiple of the trace?
